Theoretical upper bounds for price of anarchy have been calculated in previous studies. We present an empirical analysis for the price of anarchy for congested transportation networks; different network sizes and demand levels are considered for each network. We obtain a maximum price of anarchy for the cases studied, which is notably lower than the theoretical bounds reported in the literature. This result should be carefully considered in the design and implementation of road pricing mechanisms for cities.
Introduction
The "price of anarchy" [1, 2] , within the context of the traffic balance of transportation networks [3] , is a concept related to the percentage or relative difference of the total costs in a network obtained from a traffic assignment equilibrium (i.e., Wardrop's first principle, [4] ) with respect to the total costs in a network obtained from an optimal system assignment (i.e., Wardrop's second principle).
In this article, we present an empirical analysis of the price of anarchy for congested transportation networks: three networks of different types and sizes and different levels of demand for each network are considered. For the three cases analyzed, we find that the maximum price of anarchy never exceeds 9%, which is significantly lower than the theoretical bounds reported in the literature. The price of anarchy tends to zero even for hypercongested networks. This result suggests that the potential benefits from an optimal road pricing scheme can be quite small within the context of a traffic assignment with fixed demand: this result should be carefully considered in the design and implementation of road pricing mechanisms for cities.
We obtain a second interesting result that the price of anarchy (which represents the relative benefit of an optimal system assignment with respect to a balanced user assignment) depends strongly on the difference between the fixed costs and the variable costs of the arcs (or routes) of the network. The price of anarchy tends to zero for cases in which the fixed cost represents nearly 100% or 0% of the cost of the routes. That is, for high and low levels of congestion, the price of anarchy tends to take on increasingly smaller values. This second result may be relevant in the design of transportation networks and their optimal use.
The analyses were performed using the Bureau of Public Roads (BPR) volume-delay functions for strategic road networks in three cities of various sizes: Santiago de Chile, Chicago, and Anaheim. The equilibrium based on Wardrop's first and second principles was solved using the Origin-Based Assignment (OBA) traffic algorithm described by Bar-Gera [5] to ensure proper convergence of the equilibrium flows and trip times in the tests. This approach was considered also in Shi et al. [6] but including link-capacitated traffic assignment problem.
These results are important considerations for the design and implementation of road pricing mechanisms. In many cases of road pricing, a similar equilibrium is sought to that obtained based on Wardrop's second principle (i.e., firstbest pricing). Thus, if an optimal assignment of the system produces very few benefits (i.e., a low price of anarchy), it follows that first-best pricing will also generate few benefits. However, if a change in demand results (instead of only a change in the routes used by travelers within the congested network), for example, by a transfer to other transportation modes or by alternative trip schedules, the upper bounds on the price of anarchy would be higher, indicating that a firstbest policy has more potential benefits.
In Section 2, we present an analytical definition of the price of anarchy, a literature review on this subject, and the central hypothesis of our research. In Section 3, we present the methodology used for and the results obtained from this research, as well as two extensions for simple networks. Finally, in Section 4, we present the main findings and discuss future extensions of this work.
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Networks. The concept of the "price of anarchy" was first introduced by Koutsoupias and Papadimitriou [1] and was later formally defined by Papadimitriou [2] ; both of these definitions were presented within the context of computer and telecommunications networks, which become congested with use. The concept of the price of anarchy has also been applied to transportation issues [7] [8] [9] [10] [11] [12] , resource allocation to broadband internet [13, 14] , the design of communication networks [15, 16] , supply chain management [17] , and divisible goods allocation [18] .
The price of anarchy in congested transportation networks [3, 7, 19] refers to the loss of efficiency, which is measured as the increase in cost for travelers who are assigned to the arcs of a congested transportation network when the travelers minimize their individual costs (i.e., a behavior criterion based on Wardrop's first principle) with respect to the behavior that minimizes the sum of the costs for all of the individuals traveling in the network (i.e., a behavior criterion based on Wardrop's second principle).
For a network with linear arc cost functions, Roughgarden and Tardos [7] showed that the price of anarchy has an upper bound of 4/3. That is, there is a maximum increase of 33.33% in the welfare (which is measured as the total time spent in the network) of an optimal assignment of the system traffic with respect to an optimal assignment of users. Christodoulou et al. [20] found a bound below 4/3 using coordination mechanisms for linear cost functions. Chen and Zhang [21] also obtained a bound below 4/3 for the price of anarchy using linear costs in resource allocation in telecommunications by considering incentives for agents who released information to the network.
However, the loss of efficiency (i.e., the price of anarchy) may depend on several factors such as the size and topology of the network (i.e., the number of zones, nodes, and arcs), the level of demand, the capacity of the arcs, and the type of arc cost functions. Yang et al. [22] have discussed the price of anarchy for different families of cost functions for road network arcs (i.e., linear, BPR, quadratic, or cubic functions) and have extended the analysis to the case of variable demand. The authors stated that the bounds on the price of anarchy for a variable demand depend on the parameters of the demand function; that is, the price of anarchy can grow indefinitely. For a variable demand (e.g., changes in the total number of trips, the means of transport, or the trip schedule), the additional costs for the user equilibrium with respect to the optimum balance of the system could be much higher than that for a fixed trip matrix.
Gairing et al. [23] analyzed the bounds on the price of anarchy for general polynomial functions. Cole et al. [24] showed that, for linear cost functions (and some other specific network topologies), an optimal road pricing based on marginal costs reduces costs with respect to Wardrop's (Nash) equilibrium in the same way that eliminating some links from the network does.
Nagurney and Qiang [25] used the price of anarchy to analyze the robustness of a road transport network when the capacity of the network roads decreases over time because of the absence of maintenance. Yin and Lawphongpanich [26] applied the price of anarchy concept to the costs of polluting emissions in transportation networks. Karakostas et al. [27] applied the price of anarchy concept to a traffic assignment model in which some of the travelers did not make decisions based on the trip time but on other information, such as the minimum trip distance obtained from maps. Han and Yang [28] consider the effect of the so-called second-best tolls on the price of anarchy of the traffic equilibrium problem, where there are multiple classes of users with a discrete set of values of time. Han et al. [29] analyze the efficiency of road space rationing schemes by establishing the bounds of the reduction in the system cost associated with the restricted flow pattern at user equilibrium in comparison with the system cost at the original user equilibrium. Liu et al. [30] study the existence and efficiency of oligopoly equilibrium under simultaneous toll and capacity competition in a parallel-link network subject to congestion. They show that the bounds are demand-function-free and are only dependent upon the number of competitive roads. Xu et al. [31] analyze how ridesharing impacts traffic congestion; the model is built by combining a ridesharing market model with a classic elastic demand Wardrop traffic equilibrium model. Their results show that the ridesharing base price influences the congestion level, and the utilization of ridesharing increases as the congestion increases.
Although the price of anarchy has spawned an entire line of theoretical research, few empirical studies have been conducted. Levinson [32] reported that, in the Twin Cities, Minneapolis-Saint Paul, the additional costs from congestion generated by the traffic equilibrium for the morning rush hour (7:30-8:30 hours) were only 1.7%, despite the fact that more than 630,000 vehicles were in circulation during that period. Previously, Youn et al. [33] estimated that the price of anarchy for Boston/Cambridge, London, and New York road networks ranged between 3% and 4% on average and decreased as the number of agents (travelers) increased.
Therefore, we undertake an empirical study of the price of anarchy attained for different scenarios. As we will see later, the price of anarchy is directly related to several exogenous factors associated with the topology of the road network and the demand levels.
Analytic Definition of the Network and the Price of Anarchy.
A road network can be defined as a graph ( , ), where represents the set of nodes (including areas or centroids) and represents the set of arcs of the network. We also define as the set of origin-destination pairs within the network. We use the following notations:
denotes the set of existing routes between the pair , denotes the demand (e.g., the number of trips per hour), and ℎ denotes the flow of the route, where ∈ . We characterize the arcs by defining ( ) as the cost of arc , which depends on its flow (i.e., the cost function increases monotonically with the flow). The flow is related to ℎ via = ∑ ∈ ℎ , where is unity if route p passes through arc and is zero otherwise.
For a traffic equilibrium based on Wardrop's first principle, which is also known as user equilibrium (UE), the flow of equilibrium on arc can be defined as UE , such that the cost of equilibrium of users on arc a is ( UE ) = UE . The total cost of the system under user equilibrium can be written as follows:
Similarly, for a traffic equilibrium based on Wardrop's second principle, which is also known as an optimum system (OS), the flow of equilibrium on arc can be defined as OS , and the respective cost of arc is ( SO ) = SO . The total cost of the system under an optimum equilibrium of the system can be written as follows:
The ratio between the expressions given by (1) and (2) can be defined as follows:
Within the context of transportation networks, the term in (3) is known as the price of anarchy, where clearly and by construction ≥ 1. Let us define = -1, where 0 ≤ < 1 represents the percentage loss in efficiency of the optimum assignment of users with respect to the optimal system assignment. Both and are used to refer to the price of anarchy.
Research Hypothesis.
Considering (2) and (3), we note that = 1 (and therefore = 0) for the specific cases given as follows:
(i) The arc cost functions are constant; that is, they do not depend on their flow ( / = 0); therefore, the assignments based on Waldrop's first and second principles are equal; that is, there is no congestion.
(ii) The arc cost functions are homogeneous with degree ; that is, ( ⋅ ) = ( ), ∀ ≥ 0 is satisfied. The assignments based on Waldrop's first and second principles are also equal in this case [34, 35] .
The previous result follows easily from changing variables ( = → = ) in the objective function of Beckman et al. 's [36] classic traffic equilibrium problem, which yields the following result:
Therefore, when the arc cost functions are homogeneous with degree , we can directly derive from (5) that the assignments based on Wardrop's first and second principle are the same.
Next, let us consider the typical BPR arc cost functions:
The term 0 in (6) represents the time or cost at free flow in arc , and the term 0 ( / ) , where > 0 and > 1, represents the cost increase in arc caused by the congestion generated by the flow . The term is the fixed capacity of arc .
Considering that , , and are exogenous in (6), it is easy to see that if the parameter = ∀ ∈ is the same for all of the arcs in the network, the variable part of the cost of each arc will be a homogeneous function of degree .
Thus, we present the following hypothesis for cases (i) and (ii).
Hypothesis. If the variable component of the trip cost is very small compared to the fixed cost, the price of anarchy approaches unity. That is,
Similarly, if the variable component of the trip cost of the arcs is very large with respect to the fixed cost, the price of anarchy approaches one. That is,
In simple terms, the hypothesis represented by (7) and (8) is that if the congestion is too low or too high (hypercongestion), the price of anarchy approaches unity; therefore, the loss of relative efficiency between the assignments based on Wardrop's first and second principles approaches a vanishingly small value.
The hypothesis is represented graphically in Figure 1 . We previously defined = − 1. The value of in the context of Figure 1 is defined as follows:
where VC represents the total variable cost and FC represents the total fixed cost of the network for any given equilibrium. Considering the BPR-type of cost functions in (6), FC and VC can be defined as follows:
Usually, FC > 0; thus, it is always true that < 100%. However, as the demand level in a network increases (i.e., there are more trips within the origin-destination matrix), the level of congestion and the value of increase. Figure 2 shows the relationship between and the network demand level .
Thus, Figures 1 and 2 are graphical representations of the hypothesis given by (7) and (8) . In a real network, all of the arcs have some free flow cost ( 0 > 0, ∀ ); therefore, the relationship shown in Figure 2 is more relevant than Figure 1 in our case. The hypothesis is presented empirically in the next section.
Empirical Analysis

General Methodology.
To empirically estimate the price of anarchy (i.e., ) in congested transportation networks, we first use a model of traffic assignment based on Wardrop's first principle to solve the following optimization problem [36] :
The variables in (11) have been previously defined. The conditions of optimality in this problem provide an equilibrium condition consistent with Wardrop's first principle. The user equilibrium flow vector f UE = [ UE ], the arc costs UE = ( UE ), and the total network costs UE TOT = ∑ ∈ ( UE ⋅ UE ) can be calculated using (11) .
Next, we use a model of traffic assignment based on Wardrop's second principle to solve the following optimization problem:
The optimal system equilibrium flow vector
the arc costs SO = ( SO ), and the total network costs SO TOT = ∑ ∈ ( SO ⋅ SO ) can be calculated using (12) .
Then, the ratio between UE TOT = ∑ ∈ ( UE ⋅ UE ) and SO TOT = ∑ ∈ ( SO ⋅ SO ) can be calculated for different types of networks and demand levels to obtain different values for the price of anarchy .
Thus, the variations in the total demand for the network (i.e., the weighting factors of the original trip matrix for each of the three cities studied) are used to determine the relationship between the price of anarchy and the demand levels and network congestion.
To ensure that the solutions to the two previous problems converge properly, the OBA algorithm described by Bar-Gera [5] is used to solve both traffic assignment problems. Figure 3 : Relationship between and the demand level for each network (each curve specifies the price of anarchy using the trip matrix for the rush hour period estimated for each case. The price of anarchy for each of the Santiago and Chicago networks coincides with the maximum value. The maximum price of anarchy for the Anaheim network is obtained by doubling the number of trips (i.e., the matrix is weighted by a factor of 2)).
Description of Networks.
A comparative analysis of the optimum user equilibrium and optimal system equilibrium was performed for three strategic road networks of different sizes, that is, the cities of Santiago de Chile, Chicago, and Anaheim, for different demand levels (and therefore different levels of congestion). Table 1 summarizes the main characteristics of these three networks.
We performed a comparative analysis of the results by using the following BPR arc cost function for the three aforementioned networks:
The parameter values of 0.15 and 4 in (13) have been widely used in the specialized literature (see, e.g., [37] [38] [39] [40] [41] [42] [43] [44] , among many others). However, we used = 1 (linear costs) and = 8 in the calculations: the results are reported in Section 3.3. Figure 3 shows the relationship between and the demand growth factor for each network. The growth factor varied between 0.25 and 10; that is, the trip matrix described in Table 1 was scaled by values between 0.25 and 10. Two assignments were performed for each case (i.e., the traffic equilibrium and optimal system equilibrium), and the corresponding values of were subsequently calculated.
Analysis of Results.
The results shown in Figure 3 confirmed the hypothesis presented in Section 2.3 for the relationship between the price of anarchy and the demand and congestion levels of the network. The functional form of the price of anarchy shown in Figure 2 was also obtained for all of the cases. Figure 3 shows that the maximum price of anarchy never exceeded 6%. We confirmed that the maximum price of anarchy was obtained for three out of the three networks when the reference matrix was used (i.e., a weighting factor of unity was used). ( * ) These trips are in the reference origin-destination matrix. This matrix is then weighted by a scalar to vary the total demand on the network and calculate the price of anarchy.
The maximum price of anarchy was obtained using a weighting factor of two only for the Anaheim network. The maximum prices of anarchy for the two largest networks (Santiago and Chicago) were larger than those for the two smaller networks.
An interesting result that follows from the previous observation was obtained by plotting the difference in the costs (Δ = UE TOT − SO TOT ) against the demand level (see Figure 4) . Figure 4 shows that as the level of demand and congestion in the network increased, the difference between the total costs obtained for the user equilibrium and the total costs of an optimal system assignment first grew and then decreased. The plots in Figure 4 confirmed the hypothesis presented in (7) and (8) .
Unlike Figure 3 , Figure 4 shows that, for three out of the three networks, the maximum Δ value was obtained using weighting factors greater than unity, which corresponded to a larger number of trips than that in the reference matrix.
The above procedure is repeated using = 1 (linear costs) and = 8. Table 2 summarizes the maximum values. The last row shows the maximum theoretical value for for the respective cost function [3] .
The maximum calculated value of for the linear case was 0.00819. Thus, the traffic equilibrium costs with respect to the optimum system equilibrium would increase by 0.82%. This value is significantly lower than the theoretical bound reported in the literature (for = 4/3 or = 1/3) of 33.33%. For = 4 or = 8, the maximum theoretical bounds reported in Roughgarden [3] are 19.6 and 23.2 times higher than our calculated results. Table 3 shows the weighting factor for the trip matrix which produced the maximum price of anarchy. For the linear case, the original matrices constructed for the respective rush hour must be sufficiently amplified to produce the maximum price of anarchy. However, for = 4, the maximum price of anarchy was obtained for a weighting factor of unity, that is, for the same matrix as the rush hour matrix. For = 8, the maximum price of anarchy was obtained by decreasing the matrix weighting factor.
In Figure 5 , the curves for versus the demand level are compared for = 1, = 4, and = 8 for the Santiago network. 
Extension: Simple Network with Exponential Cost Functions.
In this section, we present the results for a simple network of two parallel arcs for which we used exponential cost functions instead of BPR-type cost functions. This extension was used to test our hypothesis for the case where the cost functions were not homogeneous and of degree .
We considered a simple network of two parallel arcs with exponential cost functions, as shown in Figure 6 . Figure 7 shows the price of anarchy for different values of (which is the sum of 1 and 2 ). The same functional was obtained as in the hypothesis (see Figure 2 ) and for the cases analyzed in Section 3. An upper bound of 2.2% was attained for the price of anarchy in this simple example.
Conclusions
In this paper, we present an empirical analysis to calculate the social loss (measured as the increase in trip costs) that occurs in congested transportation networks, between an optimal user equilibrium (Wardrop's first principle) and an optimal system equilibrium (Wardrop's second principle). This social loss, in percentage terms, is known as the price of anarchy. The analysis was carried out in three transportation networks of three different cities around the world and with different demand levels (trip matrices).
The price of anarchy is defined as the percentage loss of efficiency associated with the user equilibrium with respect to the optimal system equilibrium. The first important conclusion obtained in this study was that the price of anarchy was always small and much lower than the theoretical upper bounds reported in the specialized literature. The maximum price of anarchy never exceeded 9%. Even for cases with linear cost functions, the maximum calculated values were always lower than 1%, which is significantly below the theoretical bound of 33.33% reported for linear costs.
A second important conclusion was that the social loss that produced an optimum user equilibrium tended to zero in two cases: when the fixed costs of the network arcs were dominant and when the variable costs of the network arcs were dominant. These two cases correspond to very low congestion (in the limit where there are only fixed costs and there is no congestion) and very high congestion. This correspondence can be explained by assuming that the variable part of the arc cost function is homogeneous. However, this conclusion is also likely to hold when the variable part of the cost is not homogeneous, as we found for a simple example with exponential cost functions.
Finally, we concluded that as the marginal effect of congestion increased (e.g., as powers of polynomial functions), the price of anarchy tended to increase but remained well below the theoretical bounds reported in the literature for polynomial cost functions such as the BPR.
We submit that these findings are relevant considerations in the designing and implementation of road pricing mechanisms because our results showed that the maximum social benefit from first-best road pricing was small. This result was obtained because first-best pricing encourages an equilibrium such as Wardrop's second principle.
Thus, second-best pricing policies, which can be feasibly implemented in practice, could generate even lower profits.
However, higher bounds on the price of anarchy could be obtained when there is a change in the demand (instead of only a change in the routes used by the travelers in the congested network), such as in changing transportation modes or trip schedules, showing the potential benefits of a first-best pricing policy.
To develop this research further, variable demand should be included in the analysis by incorporating the surplus of consumers and the total cost of the travelers in the network into the price of anarchy. An interesting relationship may be uncovered between the price of anarchy and the demand elasticity with respect to the generalized trip cost.
It would also be interesting to perform analyses with dynamic assignment models or microsimulations to better capture the behavior of vehicles in very congested networks because static models cannot be used to model phenomena such as road queues, blocked intersections, and the eventual cessation of vehicle flow at very high vehicle densities.
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